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ABSTRACT: 
 The controlling, operating and monitoring of electric devices has been possible because of 
the knowledge of power system parameters. The relay functionality in power systems is influenced 
by the two vital power system parameters which are frequency and harmonics. Hence in power 
systems, phasor estimation is of utmost importance. These computations not only facilitate real-
time state estimation, but also improve protection schemes. However, in the presence of power 
frequency deviation, the phasor undergoes rotation in the complex plane. Interconnection of power 
grids and distributed generation systems becomes difficult because of this phenomenon. Hence, in 
this report different algorithms are studied and implemented for the estimation of phasor. The 
parameters estimated are limited to voltage amplitude and phase, change of frequency and rate of 
change of frequency.  
In this thesis, Singular Value Decomposition (SVD) technique and Recursive Least Square (RLS) 
algorithms are used to estimate the amplitude and phase for different harmonics present in a 
distorted power system signal. Simple DFT algorithm is used to estimate the phasor variation, 
change of frequency and rate of change of frequency when deviated from the nominal frequency. 
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CHAPTER – 1 
1. Introduction 
1.1 Background: 
With the development of modern power systems, the estimation of phasor becomes one of the most 
important issues. The presence of power frequency deviation introduces difficulties for grid 
synchronization. Accurate phasor gives useful information which can be used to protect the 
systems and to improve power quality [1]–[3]. The presence of Power electronic devices 
introduces non-linear characteristics in distributed generation systems. The harmonic phasor 
estimation gives useful information with the help of which power quality can be maintained. 
 
The efficiency, stability and safety of a power system is generally indicated by the power 
frequency. The power frequency often deviates from its nominal value as a result of power 
mismatch between generation and load demands. The presence of this deviation results in rotation 
of the phasor in the complex plane. Thus, the phase angles would vary over time which leads to 
difficulties in distributed generation systems, interconnection of power grids, identification of 
power flow direction, and protective relays operation. This problem has resulted in development 
of the concept of synchronized phasor which helps solve this problem 
 
The whole situation of a system is reflected by the two distinguishing operating parameters which 
are frequency and harmonics. Hence, in an electrical power system, the frequency and harmonics 
are required to remain constant. The frequency gives an indication of the dynamic energy balance 
between load and generating power, whereas the harmonics constitute the state of the system. 
Hence these parameters are considered as the indices for operating power systems. But, the 
frequency of an operating system is not constant due to factors such as noise, increasing use of 
non-linear load, sudden appearance of load-generation mismatches. Hence, the frequency of 
operation over a small allowable range from its standard value can be taken into consideration 
depending upon the load condition. The main effect of deviation from system frequency from its 
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nominal value is that it changes the reactance of the component. The reactance in turn influences 
different relay functionality of power system. Most of the frequency estimation techniques 
available employ digitalised samples of voltage or current signals. As the voltage signal is less 
distorted than the line current, it is used more frequently for estimation of system parameters. The 
power system voltage signal is considered as purely sinusoidal. The time between two zero 
crossing is given system frequency. However, the measured signals in reality are available in 
distorted form. Numerous frequency estimation techniques are available. Some of the techniques 
implemented in this area include Discrete fourier transform (DFT), Kalman filtering, least square 
error, orthogonal infinite impulse response filtering and zero crossing technique. Genetic 
algorithm, soft computing technique, and neural network are also some of the techniques used for 
frequency estimation of power systems.  
 
Harmonics estimation in power system environment is a very important task and has to be accurate. 
The harmonics estimation has a number of applications which include efficient design of 
compensatory filter, characterization of electrical device under non sinusoidal conditions, etc. 
Hence, continuous monitoring is required. The dynamic nature of the source which produce time 
varying amplitudes in generated signal is the primary source of harmonics in the power system and 
it is difficult to estimate these harmonics. Accurate, robust and fast estimation of amplitude and 
phase of the different frequency components is of primary importance. Some of the most widely 
used classical technology for the estimation of harmonics include the Fast Fourier Transformation 
(FFT) of a signal and Kalman filtering. 
 
This thesis represented estimation of phasors in terms of amplitude and phase, estimation of 
frequency and harmonics for a distorted voltage waveform. The distortion of the signal is further 
enhanced by considering at different situation of power system. The technique used for the 
estimation of phasor is Singular Value decomposition (SVD),Recursive least square (RLS) 
algorithm and Discrete Fourier Transform (DFT) Algorithm for the estimation of frequency and 
harmonics. In this thesis we have also focused on the factor through which magnitude and phase 
changes that occur because of the changes in the power system frequency due to responses to load 
generation imbalances. 
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1.2 Literature Review: 
Basic definitions of Phasor, Synchrophasor, Frequency, rate of change of frequency, 
synchrophasor measurement evalution, Total vector error (TVE) has been described in IEEE 
Standard for synchrophasor measurements [10] 
 
Singular Value decomposition technique along with the compliance tests were proposed by Cheng-
I Chen [4] to estimate the synchrophasor and Auto Regressive (AR) model is used for power 
frequency tracking for synchronization. Performance evaluation for harmonic synchrophasor 
estimation is done with benchmark tests for the IEEE standard C37.118-2005 [5]. 
 
Development of an effective method to filter out harmonics, decaying offsets and noise from 
current signal within numerical protective relaying is discussed by Dadash Zadeh,Zhiying 
Zhang[6]. Phasor estimation algorithm through RMS magnitude estimation and phase angle 
estimation were proposed by Panut Tavilsup, wanchalermpora [7] using FFT technique.  
 
Maamar Bettayed et al [8] proposed a recursive method for the estimation of power system 
harmonics. This paper discussed about the use of different variations of the Recursive Least Square 
(RLS) algorithm for the real time estimation of amplitude and phase of harmonics. The recursive 
method has the properties of good convergence and easy computation. Because of these properties, 
the real time estimation of harmonics has become easy for implementation even in noisy 
environment. In this method, the maximum deviation from nominal value is within 9-10% and the 
estimation error is within 34%. The performance of this algorithm is better for single frequency 
estimation and not much satisfactory for multiple frequency estimation because of the presence of 
larger noise power signal. Hence, the results of RLS algorithm for single frequency system are 
better. 
 
In the presence of high noise, the harmonics of signals are estimated using singular value 
decomposition  (SVD) method, the results of which are presented by Lobos.T; Kozina.T; 
Koglin.H.J in a linear least squares method[11]. The SVD method employs the linear least squares 
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solution for calculation. This method is also applicable for the frequency estimation of highly 
distorted signals.  
 
Importance of positive sequence components in power system, characteristics which accelerates 
the real time monitoring of positive sequence voltage phasors at the local power sytem bus are 
discussed by A.G.Phadke, J.S.Thorp, M.G.Adamiak in their research paper[13]. In their research 
they also included the method regression analysis to determine frequency and rate of change of 
frequency at the bus using positive sequence voltage phase angle. 
 
Saeed Hassan Khan, Saba Imtiaz, Hafsa Mustafa, Anabia Aijaz, Dr. M.A.Memon [9] proposed a 
recursive method using recursive computation through simple DFT technique. The measured 
quantities in the proposed paper are voltage and current phasors, change of frequency and rate of 
change of frequency of a three phase balanced power system signal.  
 
In the paper presented by Hongga zhao[15], A new model to concern the state variable measured 
or calculated by PMU as state variable of nodes in the state estimation is reported and this model 
is able to utilize the PMU’s ability of measuring state variables and reduce the scale of estimator. 
This model also improves the time and convergence speed. 
 
A simple synchrophasor estimation algortithm has been proposed by Sarasij Das and Tarlochan 
Sidhu [16] in their paper by considering power system steady state, dynamic conditions and 
protection requirements so that the system can perform satisfactorily during system faults as it is 
an important requirement for protection applications. 
 
In depth analysis of the effect of off – nominal frequency deviations on single cycle and multi-
cycle DFT based synchophasors is presented by David Macii, Dario Petri and Alessandro Zorat in 
their research paper [17]. Their work provides with some accurate and easily used expressions to 
keep the total vector error within targeted boundaries. 
 
In the paper published by Masoud karimi-Ghartemani [18], synchrophasor estimation is done by 
the application of an enhanced phase-locked loop (EPLL) system which gave accurate estimation 
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within off – nominal frequency operation of system. DFT technique is used and some errors are 
caused due to negative sequence component.  
 
Accuracy of measurement of frequency and rate of change of frequency do not contribute to the 
performance requirements of PMU in transient conditions. Hence they are not included in the 
standards.  Even after adhering to standard classes of accuracy, different PMUs may give different 
outputs when subjected to different conditions. Some of the ambiguities that are present are 
reported in [19] and [20] 
 
Effect of off-nominal frequency deviations on single cycle and multi cycle DFT based 
synchrophasor estimators, analysis using rectangular window and other windows are reported in 
[21] and [22].DFT based algorithm for phasor measurement application and its performance for 
off – nominal frequency conditions, harmonics, inter harmonics and out of band interfering signals 
was presented in [23] and [24]. Mathematically DFT technique to provide accurate estimation of 
phasors in off nominal frequency conditions with a three phase balance system is shown in [25] 
and [26]. 
 
A recursive least square algorithm in complex form is presented by abir basak et al [27] to estimate 
power frequency. A complex signal is derived from three phase signal using transformation. This 
algorithm has poos convergence rate as the step size is fixed. 
 
Recently, there has been a lot of research going on for the accurate estimation of phase angle, 
amplitude and frequency for distorted signals and many advanced techniques have been 
introduced. A two stage solution structure which uses the concept of adaptive linear filtering has 
been proposed in [28] to track time varying harmonics. A recursive method based on Gauss-
Newton algorithm has been presented in [29] for the estimation of fundamental frequency and 
phasor of a power signal. For the performance of grid synchronization and detection of three phase 
ac system’s positive sequence, numerous phase-locked-loop (PLL) tracking techniques have been 
illustrated in [30]-[32]. For the detection of positive and negative sequence components of different 
harmonics and detection of fundamental frequency of three phase input signals, a space vector 
discrete-time Fourier transform has been proposed in [33]. Also, using the concept of adaptive 
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linear combiner based harmonic estimation algorithm, a hybrid filter is designed in [34] which 
enhances the noise rejection capability of a digital controller 
1.3 Motivation of Project work: 
• As discussed before, the frequent usage of nonlinear loads, sudden mismatch of generation 
load giving rise to reactive power disturbance, presence of harmonics and random noise 
pollutes the electric power system environment.  
• The fundamental frequency deviates from its nominal value because of the presence of 
nonlinear loads. Also, the harmonics level rises in the power system network which is 
unwanted. The presence of random noise makes it a difficult task for the exact estimation 
of harmonics and frequency amplitude and phase.  
• Hence, this thesis introduces an estimator using the above mentioned SVD, RLS and DFT 
techniques which are based on the concept of combination of harmonic components. These 
estimators provide accurate harmonic phasor under off nominal power frequency condition. 
1.4 Objective of the Report: 
The objectives of the thesis are as follows: 
• To estimate the Phasor in terms of amplitude and phase for a harmonic signal of different 
power system conditions. 
• To estimate the synchronized frequency using the complex RLS algorithm and analyze it 
for different power system situation. 
• To estimate a synchrophasor based on the combination on the combination of harmonic 
components introduced in the grid synchronization. 
• To estimate the attenuation in magnitude and phase during the off nominal frequency 
condition in comparison with nominal frequency condition. 
1.5 Report organization: 
Chapter – 1 consists of an introduction of power system parameter and importance of phasor 
estimation. It also includes a brief literature review on estimation of power system frequency and 
harmonics and it focus on the motivation and objective of the project.  
Chapter – 2 deals with i) mathematical analysis of Singular Value Decomposition (SVD) 
technique for the phasor estimation, ii) RLS method for the estimation of both frequency and 
harmonics and iii) simple DFT method to obtain the factors through which amplitude and phase 
are changing under off nominal conditions. 
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Chapter – 3 consists of simulation results of SVD, RLS and DFT algorithms to estimate phasors.  
Chapter – 4 deals with the conclusion of our work. 
 
CHAPTER – 2 
2. Mathematical Analysis 
2.1 Proposed Harmonic Synchrophasor Estimation: 
 The measured signal y is sampled and is represented in the discrete-time form y(n) to characterize 
power quality disturbances. y(n) is of finite length N sampled at the time interval Δt by H sinusoidal 
components and can be represented as  
𝑦(𝑛) = ∑ 𝐴ℎ
𝐻
ℎ=1 cos(𝑛𝜔ℎ ∆t + ∅ℎ)  (1) 
Where Ah is the amplitude, φh is the initial phase angle, ωh = 2πhf1 is the harmonic radian frequency, 
and f1 is the power frequency. 
After obtaining the amplitude and phase angles, the hth harmonic phasor Yh can be represented as 
𝑌ℎ = (
𝐴ℎ
√2
) 𝑒𝑗∅ℎ   (2) 
Total vector error (TVE) is introduced in order to evaluate the accuracy of phasor estimation. It is 
defined as the vectorial difference between measured and expected phasor values at a given instant 
of time (n). 
TVE (n) = 100% * 
|𝑌𝑀𝐸𝐴𝑆|(𝑛) − 𝑌|𝐼𝐷𝐸𝐴𝐿|
𝑌|𝐼𝐷𝐸𝐴𝐿|
 (3) 
TVE is defined only for the evaluation of fundamental component. For phasor with harmonic 
components, the definition can be extended as 
TVEh(n) = 100% * 
|𝑌ℎ_MEAS|(𝑛) − 𝑌ℎ_|IDEAL|
𝑌ℎ_|IDEAL|
   (4) 
From the above equations (3) and (4), it can be noted that the errors from different sources for 
timing, magnitude and phase angle are combined in the definition. There will be a significant TVE 
when the power frequency deviates from its nominal value. 
2.2 Combination of Harmonic components for phasor estimation using SVD technique:  
Summation of different harmonic components of a power signal has been expressed in (1). By 
combining these components, the exact phasor information can be extracted. Consider N samples 
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of a power signal y stored in a vector space Y. By the linear combination of elements of S, one 
may find a set S to span Y the elements of which are lineary independent. 
𝑠𝑝𝑎𝑛(𝑆) = 𝑠𝑝𝑎𝑛(𝑆1, 𝑆2, … , 𝑆𝐻) ⊂ Y    (5) 
The power signal can be decomposed into a set of harmonics because of the linear independency 
of all the elements of S. 
From (1), the measured signal y can be further decomposed as 
𝑦(𝑛) = ∑ 𝐴ℎ
𝐻
ℎ=1 cos(2𝜋ℎ𝑓1𝑛 ∆t + ∅ℎ)  
         = ∑ 𝐴ℎ
𝐻
ℎ=1 𝑐𝑜𝑠∅ℎ𝑐𝑜𝑠2𝜋ℎ𝑓1𝑛∆t − 𝐴ℎ𝑠𝑖𝑛∅ℎ𝑠𝑖𝑛2𝜋ℎ𝑓1𝑛∆t  
         = ∑ 𝑥2ℎ−1𝑐𝑜𝑠2𝜋ℎ𝑓1𝑛∆𝑡
𝐻
ℎ=1 − 𝑥2ℎ𝑠𝑖𝑛2𝜋ℎ𝑓1𝑛∆𝑡  (6) 
 If N samples are considered, the power signal can be decomposed and represented in the form of 
matrix as shown in (7). Here, S is unit reference signal matrix, Y is the signal vector, x is the 
estimated phasor state vector. The harmonic phasor in (2) can be obtained after computing the hth 
harmonic amplitude and phase angle from (8) and (9). 
 
𝑌 = 𝑆𝑥 ⟹ 𝑌 = [𝑆1𝑐𝑜𝑠 𝑆1𝑠𝑖𝑛 𝑆2𝑐𝑜𝑠 𝑆2𝑠𝑖𝑛 ⋯ 𝑆𝐻𝑐𝑜𝑠 𝑆𝐻𝑠𝑖𝑛][𝑥1 𝑥2 ⋯ 𝑥2𝐻−1 𝑥2𝐻]
𝑇 
(7) 
Ah = √𝑥2ℎ−12 + 𝑥2ℎ2   (8) 
∅ℎ = 𝑡𝑎𝑛
−1 𝑥2ℎ
𝑥2ℎ−1
                                             (9) 
It can be noted from (7) that an element of basis for power signal vector space Y is represented by 
each column of matrix S. Hence, it can be concluded that combination of different harmonic 
components gives the phasor estimate as shown in Fig. 1. 
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The estimation error between actual signal y and estimated signal ?̂? is defined as in (10). This error 
should be minimised for accurate estimation of phasor. 
 
E = ∑ |𝑦𝑛 − 
𝑁
𝑛=1 ?̂?𝑛|
2  (10) 
 
The phasor estimation becomes an overdetermined problem as for most of the practical situations, 
the considered number 2H is lesser as compared to the number of samples N. Hence, the number 
of unknows are lesser than the number of equations which makes it difficult for minimizing the 
estimation error when the pseudo inverse method is applied for solving this problem. Hence, the 
Singular Value Decomposition (SVD) method is implemented which decomposes the matrix S 
into three matrices U, Σ, and V T [10]. 
S = UΣV T  (11) 
Here, U and V are orthogonal matrices of dimensions N × N and 2H × 2H, respectively. Σ is a 
matrix of N x 2H dimension containing singular values in descending order in the diagonal terms. 
Negligible small singular matrices are omitted from the matrices Σ, U and V to prevent noise 
interference giving the matrices Vc, Σc, and Uc of suitable sizes. The vector x can be estimated 
according to (12) as  
X= Vc Σc-1UcTY (12) 
Reciprocal of each singular value gives the matrix Σ−c 1. 
Figure 1 Combination of harmonic components for phasor 
estimation 
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2.3 Harmonics estimation using RLS algorithm 
A general distorted waveform shown in (13), the continuous signal is discretized as shown in 
(14) and written in the form of 𝑌 = 𝐻(𝑛)𝑋. In RLS algorithm X (i.e., the sampled signal for 
2H+2 harmonics) is updated using (16) to obtain the harmonic signals. This recursive algorithm 
helps in faster convergence with less deviations from the original magnitude.  
General form of waveform is 
  y(t) = ∑ 𝐴ℎ 𝑐𝑜𝑠(𝜔ℎ𝑡 + 𝛷ℎ) + 𝐴𝑑𝑐 𝑒𝑥𝑝(−𝛼𝑑𝑐𝑡) + 𝜀(𝑡)
𝐻
ℎ=1  (13) 
After discretizing with sampling period Δt, we get expression 
y(n) = ∑ 𝐴ℎ 𝑐𝑜𝑠(𝜔ℎ𝑛𝛥𝑡 + 𝛷ℎ) + 𝐴𝑑𝑐 𝑒𝑥𝑝(−𝛼𝑑𝑐𝑛𝛥𝑡) + 𝜀(𝑛)
𝐻
ℎ=1    (14) 
Using taylor series for dc decaying term, we get 
y(n) = ∑ 𝐴ℎ 𝑐𝑜𝑠(𝜔ℎ𝑛𝛥𝑡 + 𝛷ℎ) + 𝐴𝑑𝑐 − 𝐴𝑑𝑐𝛼𝑑𝑐𝑛𝛥𝑡 + 𝜀(𝑛)
𝐻
ℎ=1  
         = ∑ [𝐴ℎ 𝑐𝑜𝑠 𝛷ℎ𝑐𝑜𝑠(𝜔ℎ𝑛𝛥𝑡) − 𝐴ℎ 𝑠𝑖𝑛 𝛷ℎ𝑠𝑖𝑛(𝜔ℎ𝑛𝛥𝑡)] + 𝐴𝑑𝑐 − 𝐴𝑑𝑐𝛼𝑑𝑐𝑛𝛥𝑡 + 𝜀(𝑛)
𝐻
ℎ=1  
  y(n) = H(n) X  
where H(n) = [ 𝑐𝑜𝑠(𝜔1𝑛𝛥𝑡)   𝑠𝑖𝑛(𝜔1𝑛𝛥𝑡)  … .  𝑐𝑜𝑠(𝜔ℎ𝑛𝛥𝑡)   𝑠𝑖𝑛(𝜔ℎ𝑛𝛥𝑡)  1  − 𝑛𝛥𝑡 ]
𝑇 
  X(n) = [ 𝑋1(𝑛)  𝑋2(𝑛)  …….  𝑋2𝐻+1(𝑛)  𝑋2𝐻+2(𝑛) ]   (15) 
X is updated using RLS algorithm as 
X(n+1) = X(n) + K(n+1)[ y(n+1) – 𝐻(𝑛 + 1)𝑇X(n) ] (16) 
Gain K is related with covariance of parameter vector using 
  K(n+1) = D(n) H(n) [ 1 + 𝐻(𝑛 + 1)𝑇 𝐷(𝑛) 𝐻(𝑛 + 1) ]
−1
 
  Updated covariance of parameter vector using matrix inversion lemma 
  D(n+1) = [ I – K(n+1) 𝐻(𝑛 + 1)𝑇 ] D(n)    (17) 
The above equations are initialized by taking some initial values for the estimate at instants n,          
X(n)  and D.  For D=αI, where α is a large number and I is the identity matrix of order (2H+2, 
2H+2) where H is the number of harmonics to be estimated. Equation (15) gives the harmonics 
that are slightly deviated in amplitude and phase from the original signal. 
2.4 Phasor estimation using DFT algorithm 
In this method, It is assumed that the sampling clock is a fixed-frequency clock with sampling rates 
which are multiples of the nominal power system frequency. Using this algorithm phasors are 
computed at nominal frequency as well as off nominal frequency. 
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Phasor Computation a Nominal Frequency: 
Assuming the balanced three phase system at nominal frequency of 𝑓0, the signal is represented as 
𝑥1 = 𝑋𝑚𝑐𝑜𝑠 (2𝜋𝑓0𝑡 + ∅1)  
𝑥2 = 𝑋𝑚𝑐𝑜𝑠 (2𝜋𝑓0𝑡 + ∅2)  
𝑥3 = 𝑋𝑚𝑐𝑜𝑠 (2𝜋𝑓0𝑡 + ∅3)  
Where 𝑋𝑚 is the maximum magnitude of the signal, and ∅1, ∅2, ∅3 are the phase angles 120
0 apart. 
Considering a sampling unit that samples the three phases at the rate of N samples per cycle, and 
the time domain based samples can be represented by 
𝑥𝑛1 = 𝑋𝑚𝑐𝑜𝑠 (
2𝜋𝑛
𝑁
+ ∅1)  
𝑥𝑛2 = 𝑋𝑚𝑐𝑜𝑠 (
2𝜋𝑛
𝑁
+ ∅2)  
𝑥𝑛3 = 𝑋𝑚𝑐𝑜𝑠 (
2𝜋𝑛
𝑁
+ ∅3)  
The general formula for N – point DFT is  
𝑋 =
1
𝑁
∑ 𝑥𝑛
𝑁−1
𝑛=0 (𝑐𝑜𝑠
2𝜋𝑛
𝑁
− 𝑗𝑠𝑖𝑛
2𝜋𝑛
𝑁
 )  (18) 
Where n represents the sample number 
The N – point DFT of signals including the harmonic index k is given by 
𝑋𝑘 =
√2
𝑁
∑ 𝑥𝑛
𝑁−1
𝑛=0 (𝑐𝑜𝑠
2𝜋𝑛𝑘
𝑁
− 𝑗𝑠𝑖𝑛
2𝜋𝑛𝑘
𝑁
 ) (19) 
Our interest is mainly on the fundamental frequency component i.e., 𝑘 = 1 
𝑋𝑛𝑜𝑚 = 𝑋1 =
√2
𝑁
∑ 𝑥𝑛
𝑁−1
𝑛=0 (𝑐𝑜𝑠
2𝜋𝑛
𝑁
− 𝑗𝑠𝑖𝑛
2𝜋𝑛
𝑁
 )  
𝑋𝑛𝑜𝑚 = 𝑋𝑟 + 𝑗𝑋𝑖  
Where,  
𝑋𝑟 =
√2
𝑁
∑ 𝑥𝑛
𝑁−1
𝑛=0 cos (
2𝜋𝑛
𝑁
)  
𝑋𝑖 = −
√2
𝑁
∑ 𝑥𝑛
𝑁−1
𝑛=0 sin (
2𝜋𝑛
𝑁
)  
The complex quantity 𝑋𝑛𝑜𝑚 represents the phasor estimate at nominal frequency input, whose 
magnitude |𝑋𝑛𝑜𝑚| gives the magnitude of the signal. The phase angle is given by ∅𝑛𝑜𝑚 = tan
−1(
𝑋𝑖
𝑋𝑟
) 
Three such phasors are computed for a three phase system i.e., 𝑋𝑛𝑜𝑚1, 𝑋𝑛𝑜𝑚2, 𝑋𝑛𝑜𝑚3. These phasors 
will be 1200 apart with the same magnitude. 
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Phasor measurement at off nominal frequency: 
When the input frequency is f has some difference ∆𝑓 from the nominal𝑓0, so that = 𝑓0 + ∆𝑓 , the 
balanced three phase system at off nominal frequency of 𝑓, the signal is represented as 
𝑥1 = 𝑋𝑚cos (2𝜋𝑓𝑡 + ∅1)  
𝑥2 = 𝑋𝑚cos (2𝜋𝑓𝑡 + ∅2)  
𝑥3 = 𝑋𝑚cos (2𝜋𝑓𝑡 + ∅3)  
The N – point DFT of the new signal for off – nominal frequency is expressed by: 
𝑋𝑜𝑓𝑓−𝑛𝑜𝑚 = 𝑃𝑋𝑛𝑜𝑚𝑒
𝑗2𝜋(𝑓−𝑓0)𝑇𝑠 + 𝑄𝑋𝑛𝑜𝑚
∗𝑒𝑗2𝜋(𝑓−𝑓0)𝑇𝑠  (20) 
Where, 𝑃 = {
𝑠𝑖𝑛
2𝜋𝑁(𝑓−𝑓0)𝑇𝑠
2
𝑁 𝑠𝑖𝑛
2𝜋(𝑓−𝑓0)𝑇𝑠
2
} 𝑒𝑗(𝑁−1)
2𝜋(𝑓−𝑓0)𝑇𝑠
2      (21) 
𝑄 = {
𝑠𝑖𝑛
2𝜋𝑁(𝑓+𝑓0)𝑇𝑠
2
𝑁 𝑠𝑖𝑛
2𝜋(𝑓+𝑓0)𝑇𝑠
2
} 𝑒−𝑗(𝑁−1)
2𝜋(𝑓+𝑓0)𝑇𝑠
2    (22) 
The values of the P and Q are the factors with which the magnitude and phase of a signal gets 
attenuated under off nominal frequency conditions which means these are the errors introduced in 
the estimated phasor. 
 
Error Correction: 
An error exists due to the second harmonic component which has to be removed. The advantage 
of having a three phase balanced system has been taken here. By finding the positive sequence 
component of the system the second harmonic in the resultant phasor can be removed. Negative 
and zero sequence components should not be present as balanced system is considered. So, the 
calculated Positive sequence component represents the true phasor and the symmetrical 
components can be calculated as follows: 
[
𝑋0
𝑋+
𝑋−
] =
1
3
[
1 1 1
1 𝛼 𝛼2
1 𝛼2 𝛼
] × [
𝑋1
𝑋2
𝑋3
]                          (23) 
Where X0, X+ and X- represent zero sequence, positive sequence and negative sequence 
components. X1, X2, and X3 represent the three phase estimated phasors. 
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COF and ROCOF calculation: 
The change in frequency and rate of change of frequency can be calculated with the help of 
computed phase angles. COF is defined as the derivative of the phasor estimate and the ROCOF 
will then be the derivative of COF. 
The phase angles although are inaccurate but the change in frequency is related to the change in 
phase angle which are true. As the rate of change of phase angle is frequency, the phase angle at 
any instant is represented by (24). 
∅(𝑡) = ∫𝜔(𝑡) 𝑑𝑡 = ∅0 + 𝛥𝜔𝑡 +
1
2
𝜔′𝑡2                             (24) 
Where ω(t)=frequency in radians = ω0 + Δω + ω’t, ω0=nominal frequency, Δω=change in 
frequency, and ω’ represents the rate of change in frequency.  
If Ts is the sampling time, then the vector of N angle measurements can be given by  
[
 
 
 
 
 
 
∅0
∅1
∅2
∅3
⋮
∅𝑁−1]
 
 
 
 
 
 
=
[
 
 
 
 
 
 
1 0 0
1 𝑇𝑠 𝑇𝑠
2
1
1
⋮
1
2𝑇𝑠
3𝑇𝑠
⋮
(𝑁 − 1)𝑇𝑠
22𝑇𝑠
2
32𝑇𝑠
2
⋮
(𝑁 − 1)2𝑇𝑠
2
]
 
 
 
 
 
 
× [
∅0
𝛥𝜔
1
2
𝜔′
]             (25) 
In matrix notation, 
[∅] = [𝐵][𝜔] 
Or, 
[𝜔] = [𝐵𝐵𝑇]
−1
𝐵𝑇[∅]                    (26) 
From this equation (26), Δω and ω’ can be computed to give COF (Δf) and ROCOF. 
𝛥𝑓 =
𝛥𝜔
2𝜋
                     (27)  
𝑅𝑂𝐶𝑂𝐹 =
𝜔′
2𝜋
              (28) 
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CHAPTER – 3 
3. Simulation Results 
 
3.1 Phasor estimation in terms of Amplitude and Phase Using SVD Technique: 
Analysis is done for the industrial signal shown in (14) and the plot of signal for a time of 0.04 sec 
is shown in Fig.2 
y(t)= 1.5 sin(ωt+80) + 0.5 sin(3ωt+60) + 0.2 sin(5ωt+45) + 0.15 sin(7ωt+36) +  
0.1 sin(11ωt+30) + 0.5 e-5t + 0.01 randn    (14) 
Figure 2 Plot of the assumed signal mentioned in (14) 
Constraints: 
The Sampling time is fixed constant throughout the analysis. It is taken as 0.001. The analysis is 
made for 200 samples. The Number of harmonics are user defined. Here the results are shown for 
11 harmonics. 
The estimated harmonic phase and amplitude of a phasor obtained through the Singular Value 
Decomposition technique. And the error in amplitude and phase i.e., the deviation from original 
signal is computed for all the harmonics and tabulated for comparative study are shown in  
Table I. 
21 
 
 
Harmonic Amplitude Error in 
Amplitude 
Phase(in degree) Error in Phase(in 
degree) 
1 1.5032 0.0032 77.7366 2.2634 
2 0.0063 0.0063 4.0970 4.0970 
3 0.5028 0.0028 54.2349 5.751 
4 0.0032 0.0032 7.2994 7.2994 
5 0.2023 0.0023 35.6605 9.3395 
6 0.0022 0.0022 10.2678 10.2678 
7 0.1519 0.0019 23.2491 12.7509 
8 0.0018 0.0018 12.7698 12.7698 
9 0.0016 0.0016 13.8177 13.8177 
10 0.0015 0.0015 14.7246 14.7246 
11 0.1014 0.0014 10.2809 19.7191 
Table 1 Estimated amplitude and phase using SVD method 
Now the estimated phasor can be obtained by substituting the values from Table I in equation (2). 
 
From the Table I, it can be noted that the estimated amplitudes and phase angles comply with the 
actual values. The even harmonics have an amplitude and phase zero which agree with the 
estimated values from the table. The error in amplitude decreases while traversing from top to 
bottom, whereas error in phase angle increases. 
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3.2 Harmonics estimation using RLS algorithm  
 
1st Harmonic: 
 
Figure 3: 1st harmonic estimation 
 
From Fig.3, we observe that the amplitude increases initially from around 0.25 and settles at the 
value of 1.5 after 60 samples. Also, the phase is oscillatory in the beginning but eventually settles 
at 80o after 120 samples. 
 
From Fig.4, we observe that the amplitude oscillates initially from 0.2 and settles at the value of 
0.5 after 40 samples. Also, the phase is oscillatory in the beginning but eventually settles at 60o 
after 30 samples. 
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3rd Harmonic: 
 
Figure 4: 3rd harmonic estimation 
5th Harmonic: 
 
Figure 5: 5th harmonic estimation 
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From Fig.5, we observe that the amplitude oscillates initially from 0.2 and settles at the value of 
0.2 after 40 samples. Also, the phase is oscillatory in the beginning but eventually settles at 45o 
after 30 samples. 
 
7th Harmonic: 
 
Figure 6:7th harmonic estimation 
From Fig.6, we observe that the amplitude oscillates initially from 0.2 and settles at the value of 
0.15 after 40 samples. Also, the phase is oscillatory in the beginning but eventually settles at 36o 
after 40 samples. 
 
From Fig.7, we observe that the amplitude oscillates initially from 0.23 and settles at the value of 
0.03 after 20 samples. This is due to the decaying and noise signals present.  
 
From Fig.8, we observe that the amplitude oscillates initially from 0.43 and settles at the value of 
0.1 after 20 samples. Also, the phase is oscillatory in the beginning but eventually settles at 30o 
after 40 samples. 
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9th Harmonic: 
 
Figure7: 9th harmonic estimation 
11th Harmonic: 
 
Figure 8: 11th harmonic estimation 
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3.3 Effect on Phasor during off – nominal frequency condition estimated through DFT 
Algorithm 
 
In general because of the power system imbalances and changes in the load, the power system 
frequency may be deviated. Under these conditions, the magnitude and phase of a signal may get 
varied. In this section, it is focused on the factor through which amplitude and phase gets changed 
during off nominal frequency when compared with the phasor on nominal frequency conditions. 
Table II: Variation of attenuation factor P with frequency deviation. 
Δf |P| P (degrees) 
-5 0.9836 -17.64 
-4.5 0.9867 -15.876 
-4 0.9895 -14.112 
-3.5 0.9920 -12.348 
-3 0.9941 -10.584 
-2.5 0.9959 -8.82 
-2 0.9974 -7.056 
-1.5 0.9985 -5.292 
-1 0.9993 -3.528 
-0.5 0.9998 -1.764 
0 1 0 
0.5 -0.9998 1.764 
1 -0.9993 3.528 
1.5 -0.9985 5.292 
2 -0.9974 7.056 
2.5 -0.9959 8.82 
3 -0.9941 10.584 
3.5 -0.9920 12.348 
4 -0.9895 14.112 
4.5 -0.9867 15.876 
5 -0.9836 17.64 
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Table III: Variation of attenuation factor Q with frequency deviation. 
Δf |Q| Q (degrees) 
-5 -0.0434 29.37 
-4.5 -0.0390 27.94 
-4 -0.0346 26.5 
-3.5 -0.0302 25.06 
-3 -0.0258 23.62 
-2.5 -0.0215 22.19 
-2 -0.0171 20.75 
-1.5 -0.0128 19.31 
-1 -0.0085 17.87 
-0.5 -0.0042 16.44 
0 0 15 
0.5 0.0042 13.56 
1 0.0084 12.12 
1.5 0.0125 10.69 
2 0.0166 9.25 
2.5 0.0206 7.81 
3 0.0246 6.37 
3.5 0.0285 4.94 
4 0.0324 3.5 
4.5 0.0363 2.06 
5 0.0400 0.62 
 
The errors introduced in the estimated phasor i.e., the dependence of factors P and Q on frequency 
deviation for a nominal frequency of 50 Hz for a frequency deviation of about  5Hz range 
calculated from equations (16), (17), (18) are tabulated in Table II and III and the variation of the 
factors in magnitude and phase with frequency deviation are plotted and shown in Figs 9-12. 
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Plots of Variation of Factor P with frequency deviation: 
 
Figure 9: Magnitude of factor P as a function of frequency deviation 
Fig.9 shows the plot between frequency deviation and magnitude of P. We can infer from the plot 
that at a deviation of 5 Hz from nominal frequency, maximum attenuation occurs, being around 
98.36%. The effect of factor P can be often neglected as it affects the principal term of the quantity 
being measured. 
 
Figure 10: Phase shift of factor P as a function of frequency deviation 
Fig.10 shows the plot of phase shift of factor P as a function of frequency deviation. The phase 
angle varies linearly in the ±5 Hz range and the error corresponds to about 2 degrees per Hz 
deviation. 
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Plots of Variation of Factor Q with frequency deviation: 
 
Figure 11: Magnitude of factor Q as a function of frequency deviation 
Fig.11 shows the plot between frequency deviation and magnitude of Q. The magnitude of factor 
Q increases linearly with respect to frequency deviation, the increase being about 0.004 per unit 
per Hz. The magnitude is 0 at nominal frequency. The absolute value of Q is not plotted as the 
multiplier also becomes negative at negative frequency deviations. 
 
Figure 12: Phase angle of factor Q as a function of frequency deviation 
Fig.12 shows the plot between frequency deviation and phase angle of Q. The phase angle is 15 
degrees at nominal frequency, and the phase angle varies linearly with respect to frequency 
deviation. 
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The positive sequence phasor is estimated from balanced inputs at off nominal frequencies 
according to equation (19). The plot of magnitude of the estimated positive sequence voltage with 
respect to time for an off nominal frequency of 51 Hz is shown in Fig.13.  
 
Figure 13: Magnitude of estimated positive sequence voltage for a signal of 51Hz 
From the Fig.13, it can be noted that the magnitude oscillates around the value of 2.18. The phase 
angle of the estimated positive sequence component for an off nominal frequency of 51 Hz is 
shown in Fig.14. 
 
Figure 14: Phase of estimated positive sequence voltage for a signal of 51 Hz 
 
From the Fig.14, it can be noted that the phase is periodic and varies between –π to π for an off 
nominal frequency of 51 Hz. 
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It is clear from equation (16) that the first and second derivatives of the phase angle of the phasor 
estimate would provide an estimate of change of frequency Δω=(ω-ω0), and the rate of change of 
frequency. 
The plot of change of frequency (COF) with respect to time for a signal of off nominal frequency 
of 51 Hz is shown in Fig.15. 
 
Figure 15: Plot of estimated change of frequency 
It can be noted from the figure that the change of frequency is estimated about 1 Hz which agrees 
with the actual change of frequency (51Hz – 50Hz = 1Hz). The plot of ROCOF with respect to 
time for an off nominal frequency of 51 Hz is shown in Fig.16. 
 
Figure 16: Plot of estimated rate of change of frequency 
It can be noted from the figure that the ROCOF is of the order of 10-4 for 51 Hz off nominal 
frequency and oscillates about the zero line. 
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CHAPTER – 4 
4. Conclusion  
This project is aimed studying different algorithms for synchrophasor estimation. In the first phase, 
SVD algorithm was implemented for a given industrial signal with 40dB SNR. The phasors and 
harmonics of given industrial signal was estimated using the SVD method and the corresponding 
errors were calculated for all harmonics. In the second stage, RLS algorithm was implemented for 
estimation of phasor for different harmonics. It is observed that amplitudes and phases of the 
estimated signal eventually settle at their original values. The deviation and simulation results for 
estimated harmonics using different algorithms have been presented. In the final stage, the N-point 
DFT algorithm was implemented to find the variation in amplitude and phase of a signal at off 
nominal frequency conditions. The errors in the estimated phasor was calculated and plotted. The 
DFT is generally sensitive and suffers from large errors in the presence of inter-harmonics and out-
of-band interfering signals as mentioned by the IEEE standard [5] on synchrophasors. It can be 
concluded that the error in phase angle and magnitude is a function of many factors like magnitude 
of frequency deviation |Δf|, presence of disturbance or noise signals and the starting point of 
window during recursive computation. It can be inferred that these techniques gives estimates of 
phasors with small deviation and these algorithms are useful to PMU for analyzing the phasor 
under fault conditions and can provide safety to the power grid. 
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